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Introduction to Prediction
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Prediction 

One way to make a prediction:
Choose a line that best fits the sample data

Then 𝒚 𝒙 = 𝒎𝒙 + 𝒄 is a predictor for a
new out of sample 𝒙

Data We Might Have
(In Sample)

Data View

?
?

? ?



Of Course, we can not assume that all data can be predicted by a linear model

Image: Laerd Statistics, 2014

• Model might be a poor fit (wrong model) • Model might be too good of a fit  or over-fit 
(only works well on the in sample data)



Best Linear 
Predictor
(if you just have 2 variables)

This turns out to be 
the best linear predictor:

Remember:

Cov(X,Y) = E[ (X-μx) (Y-μy) ]

Cov(X,Y) = E [X Y ] – E[X] E[Y]

Cov(X,X) = Var(X)

Cov(AX,Y) = ACov(X,Y)

It’s a line:

runs through point: (E[X], E[Y])

slope: 

y-intercept = E[Y]-mE[X]
= E[Y] - Cov(X, Y) *

What makes this the the best linear predictor?
How much error does this predictor have?



Simple 
Example: 
Calculate best 
linear predictor

Data Set in a Table, two 
variables

X Y

2 10

4 5

3 9

5 4

6 3



Example: 
Data Set in a 
Table 2 variables

X Y X*Y X^2 y(x)
2 10 20 4 6.96
4 5 20 16 3.92
3 9 27 9 5.44
5 4 20 25 2.4
6 3 18 36 0.88

E[X] E[Y] E[XY] E[X^2]
4 6.2 21 18



Code Sample



Linear Regression Illustration with Scikit Learn
12/19/2016 How to choose machine learning algorithms _ Microsoft Docs

https://docs.microsoft.com/en-us/azure/machine-learning/machine-learning-algorithm-choice 9/19

LogiVWic UegUeVVion

Data with a linear trend

Although it confusingl\ includes 'regression' in the name, logistic regression is actuall\ a

powerful tool for two-class and multiclass classification. It's fast and simple. The fact that it

uses an 'S'-shaped curve instead of a straight line makes it a natural fit for dividing data into

groups. Logistic regression gives linear class boundaries, so when \ou use it, make sure a

linear appro[imation is something \ou can live with.

12/19/2016 How to choose machine learning algorithms _ Microsoft Docs

https://docs.microsoft.com/en-us/azure/machine-learning/machine-learning-algorithm-choice 2/19

HoZ to use the cheat sheet

� Tip

FOaYRUV Rf PachiQe OeaUQiQg

SuperYised

ThiV cheaW VheeW haV a YeU\ VSecific aXdieQce iQ PiQd: a begiQQiQg daWa VcieQWiVW ZiWh

XQdeUgUadXaWe-OeYeO PachiQe OeaUQiQg, WU\iQg WR chRRVe aQ aOgRUiWhP WR VWaUW ZiWh iQ A]XUe

MachiQe LeaUQiQg SWXdiR. ThaW PeaQV WhaW iW PaNeV VRPe geQeUaOi]aWiRQV aQd

RYeUViPSOificaWiRQV, bXW iW ZiOO SRiQW \RX iQ a Vafe diUecWiRQ. IW aOVR PeaQV WhaW WheUe aUe ORWV Rf

aOgRUiWhPV QRW OiVWed heUe. AV A]XUe MachiQe LeaUQiQg gURZV WR eQcRPSaVV a PRUe cRPSOeWe

VeW Rf aYaiOabOe PeWhRdV, Ze'OO add WheP.

TheVe UecRPPeQdaWiRQV aUe cRPSiOed feedbacN aQd WiSV fURP a ORW Rf daWa VcieQWiVWV aQd

PachiQe OeaUQiQg e[SeUWV. We didQ'W agUee RQ eYeU\WhiQg, bXW I'Ye WUied WR haUPRQi]e RXU

RSiQiRQV iQWR a URXgh cRQVeQVXV. MRVW Rf Whe VWaWePeQWV Rf diVagUeePeQW begiQ ZiWh "IW

deSeQdV¬"

Read Whe SaWh aQd aOgRUiWhP OabeOV RQ Whe chaUW aV "FRU <SaWh OabeO> XVe <aOgRUiWhP>." FRU

e[aPSOe, "FRU VSeed XVe WZR cOaVV ORgiVWic UegUeVViRQ." SRPeWiPeV PRUe WhaQ RQe bUaQch ZiOO

aSSO\. SRPeWiPeV QRQe Rf WheP ZiOO be a SeUfecW fiW. The\'Ue iQWeQded WR be UXOe-Rf-WhXPb

UecRPPeQdaWiRQV, VR dRQ'W ZRUU\ abRXW iW beiQg e[acW. SeYeUaO daWa VcieQWiVWV I WaONed ZiWh

Vaid WhaW Whe RQO\ VXUe Za\ WR fiQd Whe YeU\ beVW aOgRUiWhP iV WR WU\ aOO Rf WheP.

HeUe'V aQ e[aPSOe fURP Whe CRUWaQa IQWeOOigeQce GaOOeU\ Rf aQ e[SeUiPeQW WhaW WUieV VeYeUaO

aOgRUiWhPV agaiQVW Whe VaPe daWa aQd cRPSaUeV Whe UeVXOWV: CRPSaUe MXOWi-cOaVV COaVVifieUV:

LeWWeU UecRgQiWiRQ.

TR dRZQORad aQd SUiQW a diagUaP WhaW giYeV aQ RYeUYieZ Rf Whe caSabiOiWieV Rf MachiQe LeaUQiQg
SWXdiR, Vee OYeUYieZ diagUaP Rf A]XUe MachiQe LeaUQiQg SWXdiR caSabiOiWieV.

SXSeUYiVed OeaUQiQg aOgRUiWhPV PaNe SUedicWiRQV baVed RQ a VeW Rf e[aPSOeV. FRU iQVWaQce,

hiVWRUicaO VWRcN SUiceV caQ be XVed WR ha]aUd gXeVVeV aW fXWXUe SUiceV. Each e[aPSOe XVed fRU

WUaiQiQg iV OabeOed ZiWh Whe YaOXe Rf iQWeUeVW³iQ WhiV caVe Whe VWRcN SUice. A VXSeUYiVed

OeaUQiQg aOgRUiWhP ORRNV fRU SaWWeUQV iQ WhRVe YaOXe OabeOV. IW caQ XVe aQ\ iQfRUPaWiRQ WhaW

PighW be UeOeYaQW³Whe da\ Rf Whe ZeeN, Whe VeaVRQ, Whe cRPSaQ\'V fiQaQciaO daWa, Whe W\Se Rf

iQdXVWU\, Whe SUeVeQce Rf diVUXSWiYe geRSROiciWicaO eYeQWV³aQd each aOgRUiWhP ORRNV fRU

Illustration Source:

#Setting Linear Regression in sklearn
from sklearn import linear_model

model= linear_model.LinearRegression()
model.fit(X_train, Y_train)

Y_pred_train =  model.predict(X_train)
Y_pred_test =  model.predict(X_test)

# Compare Y_pred_test with Y_test for 
error.



Linear Prediction with multiple inputs 
and multiple outputs



Prediction: 
Multiple Inputs 
and Outputs

Predictor
(formula)

Out of Sample 
X

Predicted
Y = [y1 y2 y3]

y1 = g1(x) y2  = g2(x) y3 = g3(x)

No problem, we use multiple 
predictors.

Predictor
(formula)

Out of Sample 
X = [x1 x2 ...xn]

Predicted
y 

What can be done in this case?



Prediction: 
Multiple Inputs and 
Outputs

In this case, for linear prediction, we use a matrix format:

Prediction: 
Multiple Inputs 
and Outputs

Predictor
(formula)

Out of Sample 
X = [x1 x2 ...xn]

Predicted
y 

X
(Nxd)

1,3,4,6,2 
W

(dx1)
Y

(Nx1)
. =

X is the in-sample data. We only need to figure out W.
With W, we can estimate y for new x, i.e. out of sample data 

Xi



Features: (d columns), age, 
income, zip code, ... 

In Sample Data: 
which we have 
● d features 
● N samples 

Use for training 

X
(Nxd)

Y
(Nx1)

f(x)

Results in Y (which we 
know for N examples)
Sometimes measured Y includes 
error or noise 
Y = f(x)+e() 
N rows: 
● each row has customer 

information
● d features
● Y has a value of interest

○ Credit score: a 
number

○ Classification: “good 
customer”vs “poor 
customer”

Person 
1

Person 

2
Person 

3
Person 

N

In Sample

Out of Sample

An ML 
Framework

We don’t know:
P(X), the distribution of X
Function f:
f: X->Y



Example: 
Prediction with 
Regression

Data:  x(i,1)  x(i,2)  x(i,3)    y(i,1)
ID Name Age years Income  Credit Score

w employer
1        John         25               3  50    660
2 Alice         23               2  60                    580
3 Bill  28  1  80    425
4 Rahul  25  5  59    320

X
(N x d+1)
1 25 3 50
1 23 2 60
1 28 1 80
1 25 .5 59

W

w0
w1
w2
w3

Y
Nx1
660
580
425
320

. =

We are now going to choose a W that gives us a predictor for Y

This time, Y is the actual value we want to estimate
Notice: we added an extra column of 1s?



Example: 
Prediction with 
Regression

This time, Y is the actual value we want to estimate.?

Train with this to “calculate” W

X
(N x d+1)
1 25 3 50
1 23 2 60
1 28 1 80
1 25 .5 59

W

w0
w1
w2
w3

Y
Nx1
660
580
425
320

. =

Predictor
(formula)

Estimated y
(a real number)

Out of 
Sample data 

(a row of numbers)
Xi

Then predict (or classify) with W

x2



Predictor:
g(x) = XW

OK, but better 
to measure 
squared error

The Math: 
Linear 
Regression



W = (XTX)-1 XT Y

X = 
NxdXT = dxN

(XTX)= (XTX)-1= dxd

W = (XTX)-1 XT Y=

dxd dxN.

= [dxN] x [Nxm] = 

Nout 
x m

Y estimated =  X W = 

W = dxm
Xout = 
Nout 
x d

. =

Y= 
Nxm

outputs
.

dxm

Y estimated = X out of sample

W

=

dxd

N = # of X data rows
d= # of features
m= # of outputs in Y

The Math: 
Linear 
Regression



Example: 
Prediction with 
Regression
（to be 
continued)

This time, Y is the actual value we want to estimate.?

Train with this to “calculate” 
W

X
(N x d+1)
1 25 3 50
1 23 2 60
1 28 1 80
1 25 .5 59

W

w0
w1
w2
w3

Y
Nx1
660
580
425
320

. =

Predictor:
g(x) = XW

Estimated y
(a real number)

Out of 
Sample data 

(a row of numbers)
Xi

Then predict (or classify) with W

X =

W = (XTX)-1 XT Y



Data:  x(i,1)  x(i,2)  x(i,3)    y(i,1)
ID Name Age years Income  Credit Score

w employer 
1        John         25               3  50    660
2 Alice         23               2  60                       580
3 Bill  28  1  80    425
4 Rahul  25  5  59   320

Code Example

W0
W1
W2
W3

1
1
1
1



In the ML framework, there is no limit to the predictors or classifiers that can be used.

Y
g: x->y, 

predictor or classifier

Algorithm:
New g(x)X

Loss or error

g can be chosen from:

Linear estimators:
•Any weighted sum
•The best fit line or plane

Non-linear functions:
•Neural Networks
•MLE
•Any function

•We try different functions g until
(or different parameters)

•g(x) is close to f(x)

•For any out of sample x, we 
can predict Y or classify it

An ML 
Framework



End of Section 



Test your understanding 



(0,0) and (2,2) (0,0), (2,2), (0,2), (2,0) Points on a unit circle that are
•30 degrees and 45 degrees, 

and the origin
•Or, Every point on the circle

•What is the COV (X,Y) for these points:

Covariance



Multiple inputs and outputs

If Ypredicted = f(X,W) = X W
And W is a 4 x 3 matrix, then how many input features (d) are in X and
how many outputs (m) are in Y?

Predictor
(formula)
= X W

Predicted 
y= =[y1 y2 ..ym]X = [x1 x2 ...xd]


